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1 Derivatives of Convolutions

1.1 LP and weak L” convolution inequalities
Last time, we proved the first part of the following theorem:
Theorem 1.1. Let 1 < p,q,r < 0o be such that 1 +r~ ' =p~ L 4+ ¢~ 1. Let f € LP.

1. (Generalized Young’s inequality) If g € L1, then
1 glle < [ f1lpllgllq-

2. Further assume 1 < p,q,7 < oo and g € weak L%, Then there is a constant Cj 4
independent of f,g such that

1f*gllr < Cpgll fllplglg-

3. Ifp=1 (so g =r < o0), there exists a constant C, independent of f such that for
any g € weak LY,

[f * glr < Cpll fll1[glg-

Proof. To complete the proof of the theorem, observe that [K(z,)], = [g(x —)]q = [g]q <
oo. Similarly, [K(-,y)]q = [9]q < co. By our interpolation theorem for kernel operators
with ¢ = [g]4, we have

1Tl <ellfllp, p>1,
[Tfl, <CB|fl, p=1lLr=q O



1.2 Convolution of C* functions

Proposition 1.1. Let f € C* be such that 0“f is bounded for any |o| < k, and let g € L.
Then f+g € CF and 0%(f xg) = 0%f x g

Proof. Proceed by induction on |«|. Assume then that |a| = 1. Note that

1
Flx+h) = flz) + Vf(z)- h+/0 (VF(x+th) — Vf(z))-ddt.

Hence,

frglx+h)= . fx+h—y)gy)dy

= [ se-vawartn [ Vie-pearene [ [ sengwaa,

R

where ¢(t,y) = Vf(x —y +th) — Vf(x — y). Note that |||, < 2[|V f|l4. Thus,

let,y)g(w)l < lg(w)l, g€ L'((0,1) x R™).

li = 1 =
hlg%)/n/ e(t,y)g(y)dtdy = /n/o hli%ety y)dtdy = 0.

In other words,
frglz+h)=gxgl@)+h-(Vixg)(z)+h-q(z,h),  limy(z,h)| =
This proves that V(f * g)s exists and equals Vf * g. O

1.3 Convolution of functions in the Schwarz space

Proposition 1.2. If f,g€ S, then fxge S.

Proof. By the previous proposition, f,g € C*. Recall that ||f|[(xa) = [[(1 + |2)N0af||.
and that these are bounded for all o, N. Note that

A+ le)) <1+ [z —yl+ |yl < 1+ |z —y)(A +[y)),
and so
(1 + 1) V10 (F = g(@)] = (1 +1a) V(@) * g(a)
< [ ke =aMo" @ =l + o) o)l dy



1

= /Rn(l + =y MO fz —y)l(L + IyI)N+”“|9(y)IW dy

1
< e ——————d
< [ Il osansro e 4

Tn—l

n—1 >
=15 lvallellvnsr | g dr

< 0. O

Remark 1.1. If 4 be a measure and fR” f(z—y) du(y) makes sense, we denote it as f * p.

Example 1.1. Let g = §,. Then

[ e dnty) = ola)
and so
f#da(z) = f(2 = a).
Let g € L', and set
oi@) = ole/t)
Then

[ a@ydo= [ geitdain=a= [ gy

n

We get

| etwatdr= [ cwowndwn = [ etae)d =00 [ g2)ds= el

So g — adp.
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